















































































Jan 7 2020 TUESDAY Lecture 2

DAa s RECAPLT

cleverway of arranging data in memory so that updatedquery
operations can be performed efficiently

RANGE MINIMA PROBLEM

Given an array A I n indices i j
output minimum element in A i j

Str Run a loop from AEI to AED and find the minimum

element

Time 0 n

storage Ott extrawords

strategy precompute a run matrix issuch that

B ij min ett from Ali to AfD

Time 011
storage 0cm

Hwi canyou use a data structureof size Oln and get an
efficient algorithm

MODEL OF COMPUTATION How are instructions executed
Decode the instruction

fatalLProgramL Fetch the operands

Performs arithmetic logical

operations

Ram
write back the answer tomemory


















































































WORD RAM MODEL I word Smallest entity of RAM
Basic entity of a problem is a word

Fetching anyword from the RAM takes the GRAPHM0DEL

Same amount of time Later

1 instruction is a fewclockcycles

FIBONACCI NUMBER

input n m both int

output Fln mod m
min 10min

10hour

Hw Implement Ifib and RF b note the time

Iiib 5 4 ne 11 instructions

I 4h Running time

RFib Let G n be the timetaken to compute Rfib
him

if n 0 C o l

n L G D Z

n 2 G n 3 t Gcn c Gcn2

G n Fcn f n
n 2 2

Prove F n 2

G n g
n 2 2


















































































WARMUP EXAMPLE

Pouring
N n m

output an mod m

551 Run a loopfor n iterations and compute anmodm

3n

an it n 0 an no
if n is even an ankxank

if n is odd an sent zenkxx
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RECAPU
Powering

Mt se n m

Fut anmodern

Power se n m

if neo then return 1

temp Power xn m

else if n mod 2 0

return temp x temp mod m

else return tempx temp x a mod m


















































































Let 1 n e no of inst executed to compute Power mmm

1 in It T M2 t 4

St T M2 5Ign

can we express fCD as an for some const a
No

II it C I inD
I

c isnt
Hiv Implement this to get a algo for Fcn mod rn

call this cleverFib

COMPLEXITY OF AN ALGORITHM
over a fixed

inputsize

The worst case member of instructions executed while running
the alum as a function of the input size or some

parameterof the input size

Example Inputsize
F n mod m lgn 1 Lgm
Given an arrayA n
check if A is sorted
Given a run matrix n2
output its square


















































































Matadi matmuetfc mn3 D n.nl
E E n 1

for i 0 to n i 224 22 I

for j 0 to n i i oj o k o

Mci j o anti I

fer ke O to n i

Nti j Mcig Clink A DCkij

Return M
Inti m2 I

2h3 m2 1

COMPARING FUNCTIONS

f Then comparingtwofunctions gwe only care about large

2h2 5h Loo Valuesof n rft 2n 50

2h2 t 5h t 100 100Mt 1000

f g h
5h24n 1100 nWo ion 5 1000

II I 9hu't L'T
larger

ORDERNOTATION

Tfand g be two increasing functions

We say f es of the order of g denoted as f 0cg
if 7 constants no C s t

H n no fCn E C gln


















































































O 5h2 in 1100 0 NZ ebound

0 retro 0GB

f 0cg
0 10Th5 10001 10 n

5

tightbound
i
no

Hwi Prove the following statements

1 If f 0cg and g 01h then show that f Och
2 If f 0 h and g 01h then fig 0 h

3 Is 3h ofgin Prove Done
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Maximum Sum Subarray Problem

Input An array A

output A subarrayof A with the maximum seem

TrivialAlgoAI

Max AED
for i a ton 1

for g i to n i

temp compute SumCA i j
if max a temp max temp

compute sum Aig
Sum Aei

returnmax for ke iti to j
Sum C burnt ACk

3 return sum 3


















































































OLD time algorithm

Maxsum A

SEO A63 c OCD

for is 1 to me c n i repititions

if sci D o then Stik Seir t Ati

else sci Aci
OLD

can 5 to find max entry Ocn

Time complexity 0 n

MaxSunnImproved A

S i AED

S i i AED

for i l to me

S i Max AED s it AEID
S i i Max S i l s i

return S i i

Uw Solve the problem in 0 u time using 04 space


















































































Strategy Efficiency Proofof correctness

Proof ofcorrectness
Forevery possible input

the algorithmgives a correct

answer
Prove correctness of the above algorithm

FINDING LOCAL NUNIMA IN A GRID

nxn matrix consisting of distinct no

A cell Ali is said to be a local

minima if it is smaller than

its 4 neighbors

Inputi mxn matrix A

output ij s t A iii is a local minima

There always exists a local minima

Global minima is a local minima

Strategy
ExploreCA

ome cell ofA
while Cc is not localminima

c smallest neighborofc

output c


















































































Every idea is important
can we solve a simpler variantof the problem

Local minima eina ID Array

1 I 719 1121

thereexists a local minima

Hwi Give a 0 Ign time algo for computing local

minima in a ID array


















































































Jan 14,2020 TUESDAY Lectures
PROOF OF ECTNESS

The algorithm outputs the correct answer for all possible
inputs

Loop invariant
E9 11compute Ei1 1
Sumlin

s on

for i i ton

output s
Sti 3

Pli At the end of the ith iteration of
the far loop

i
n S Ek

K 0

Loop invariant

Proof Yinduction on i

Base case i o

5 0 by definition

E k O

k 0
Assume p Li D is true

pli The value of S
at the end of Li DH iteration SEOK By inductionhypo


















































































Now at the end of the ith iteration
i i i

S E k ti 2 K
Keo K 0

Hence proved

Loop invariant is an assertion that is true at theendof each

iteration of the loop

MANMUM Sum Siwa PROBLEM

A i input
arrays

PED At the end of the ith iteration of
the loop

Sli the sum of the max subarray ending at Ali

Theorem If slit 0 then sci sciD At

Vine
else sci ace
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theorem A local minima in a RD array containing
n distinct

numbers can be found in lgn time

LocklinInGrid M
o R n e found false

white not found
mid c CLERK's

min index of the min elf in MCA
mid

if min is a local min then found true

elseif Mcmimmid M min midti
L mid 11

else R mid 1

Letwin
m min mid

Proof of correctness

Pci f a local minima between ML't L andMutiRI
LI

F j s t M j L M L D and

F J S E MCj R L M CA Rtl


















































































HI Give a counterexample

Doesnotwork

Hw
0 n implementation for this problem
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Gcp AZ b 0

GCD a b
whileCb403
t b
b amod b
a t

return a

Euclid'sTheorem If a b 0 then god a b god b amodD

ProofLoudness of Gop algorithm
Pli Let a and b be the values stored in the variables

a b at the end of the ith iteration Then

gcd a b gcd ai bi

Base case gcd a b gud a D trivial

Inductionhypothesis

ged aib god ai e bi i

Now at the end of ith iteration
9 bit bi acemudbi i

aged ai bi gcd bi e ai imod bin


















































































god ai l biD By Euclid'sTheorem

god Laib By inductionhypothesis

BINARY SEARCH

Fouch A hey
HI a write the pseudocode of binary search

2 Show the time complexity of binary
search

3 Devise a loop invariant and prove the
correctnessof

binary search

RANGE M A PROBLEM

Given an arrayAstaring n numbers

Ain To build a data structure such that queries ofthe
following type can be answered efficiently

Range MinimaLi j outputs

min Ali Alien ACD

our Aim is to optimise the following

Query time Ollgn
Space used OCD

Preprocessing time Olnlgn
W

2106 queries z 107 m
Dictionary problem

Bruteforce Porecompute tij
Spaces OED Space 0h2 e 1012

Time 0 nm Time 0 um I 107

I 1013
















































































i g
Aim Each query

OLD time

Fix is
Require a data structure of size 0cm

Data structure 0 nLgn

Efficient implementation

Data structures used
Row m 2k s t 2kE M

O E m E n l

Log m Llgm
0 Em E n l

B irk min ACH ACiti A lot2k

Range Minima i D

j i i
t Row L i

k Log L

if LL t output Blink

else output
min Blak B j t k

0 I For each query

0 nigh
additional space

0Lungu Preprocessing Canwedo it in OCnlgn time
FIBONACCI
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Datastrtures
Am To manage data in an efficient manner so that queries

can

be answered efficiently

Abstract Structures

Two thirds

D Give
mathematical modelof thedatastructure

AFormal definitionsof the
various operations

2 I ion Efficient way to design the
various operations

eg List of students in this class

list of items in
a shop

list of cases pending
in Supreme court

Array based solution

can use arrays
we need an upper

bound on the size

array current
numberof elements in

it

Blocking a large chunk of memory

Operations list
Query operations

1 Is EmptyList L cheeks if a list is empty

2 Search Lin checks if the element x is present
in L

3 Successor pic returns the element in list L after position

p

e g L MNz Ni Ritt Nn
pp



Successor pile Rieti

4 Predecessor pic returns the previous element
in list L before

position p
update operations

create Emptylist L

Insert n p L inserts element se into the list Lat position

p
Delete p L delete the element at position p in L

Makelist Empty L

operations Array Du
IsEmptylist 04 ou
Search Oln Oln
Successor OCD 04
Predecessor OCD 04
createEmptylist OLD OLD

Insert motivation Oln Ou
Delete fofutlinked our OLD

MakelistEmpty ou OLD

linked list DLL

IT tI Inr o
I Iaembadd

add
ofnestofpor ett

ett

HI Implement a list data structure
Quit on 9thFeb
Sunday
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Implementing a telephone directory

operation sorted sorted
array list

SEARCH 0 lgn 0cm

INSERT DELETE Oln 0 1

Can we search in m2 operations in a sorted list
head
to

Dx Dna O Dn
M2

Root D
head Bindery

noses TEED
to Yo D

leaves

I
Ya xD

BINARY TREE Start at a root grow and branch

At the end of branches you have
leaves

Inverted the structure

A binary tree is a collectionof nodes connected by edgess.LIEvery node has at most 2 outgoing
edges

2 There is one node with 0 incoming edgesballedroot

3 Everynode encept for the root has 1 incoming edge



4 Between every pair of nodes there is at most a edge

SOME IE LOGIES

if there is an edge from u tov

then it is called the parentof uand
u is a child of U I

the height of a binary tree is i e r

i subtract
the maximum number of edges

from the root to a leaf node
I i subtreely

I
I I

we say binary tree T is in 1 Subtree u

perfectly balanced if for all parent y N
nodes u in T child g u w

11subtree leftwill Isubtree rightwDH Et adf.igtdw.LY Y

theorem het T be a perfectly balanced binary tree containing

n nodes Then Height T E lgn

Complete the formalproof



BINARYSEARNTREE

A binary search tree is a binary tree having values at

every node such that for all nodes vet

value v 2 value of everynode in
the night subtree of u

value v z valueof every node in
the left subtree of u

ptr to f l
pinto

left valuelol right
child child

the write pseudocode
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Binary search trees

search and Insert in a BST

INSERT 52

too Every insertion happens at a leafnode

of

HI write the pseudocode for Search Tre and Insert Tix in

a BST

OCH where H is the height T

Detention A binary tree is said to be nearly balanced it
at

every node u

Isubtree leftlvD E 341subtree v and

Isubtree rightly 1 E Z I
subtreelust

het Hln be the height of a nearly balancedbinary
tree I

with n nodes

H n E H Ma ti ND

E H Egfr 12

body g9 0 Ign



Now suppose we start with a perfectly balanced BST and

keep inserting deleting nodes then the tree will remain

nearby balanced for sometimes

we can maintain a fourth held at every node u

I subtree 6 I size of subtree rootedat u

Stack
topofthe stack

linear
insert I delete at the topofthe stackonly

Wieman tfquery the top of s
Operatious masterek mathematical model

XI IsEmpty s checks if S is empty

Top s returns the top element of S

Update
Push Sin inserting se at the topof the stack

Pop s deleting the top element from s

8 queens problem Can we place 8queens in a
chessboard

so that no green bills any other green
stalks
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RECAP

Stack
linear data structure
insertIdelete query happens on one end call top
IsEmpty Top Pushpop

query
update

Evaluating our frenetic
expression

9 8 2 1 3 6 9 64 I 13 6

Precedence of operators
1 n

s
f Kosh2 low

2 3 2 512 1 Power is right
associative

w

Associativity in an expression with multiple
operatorsof

the same precedence which operator gets executed first

is right associative

1 are left associative

Simpler Problem

No parenthesis
Every operator is left

associative

Atgo do multiple
scans andsolve each operator one byone

Disadvantages multiple scans
can onlyhandle a

fixed setofoperators

case based



ni

N OrNzOzM 404

for each operator Oi there is a function priority Oe s t

if priority Oi priority Oj
Then Oi has higher precedence than Oj

prion
00Do
01 02 0304

E n O nz02h303h404h5

n n
n 0M 04h5

Use two stacks one for operators one for operands
N stack 0 stalk

when can we execute 0 immediately

Priority Oi Priority Oi e

Priority Oi 3 Priority Oita

E NONzOz Mr

11Insert a symbol into 0 stack of
least priority

while l

n neut tokenC

if x is an operand
Push Ks N Stack

else
while PriorityCn E Priority top O stack

o pop O slack
Pop N stucks



Pop N stack

t tot i

PushLtz N stack

ash CMO stuck

HI Allow parentheses
Allow associativity

Re implement the algo

Jan 292,2020 WEDNESDAY

8 queens'problem

4x4 Ise

µf y

me toMasyaf
4thQueen

Ex Write a program to implement

Backtalk a shack and using the stack
solve the 8 queens problem

Queue

Tinear data structure
Insertion happens at the rear and removal happens from

the front
FIFO

queue
n pfront rear



MathematicalYelling of a queue
IsEmpty Q checks if a queue is empty

Front Q outputs the element at the front of the4
am

quelle ay An

dot Enquene x Q Inserts se at the rear of Q

Dequene Q Deletes the element at the front
and

outputs it

Og Q oh an

EnqueueCa Q 9 Ah N

Degueue Q AzAz om se 9

Dequeue Q Az ay An a Az

Implement a queue using arrays
Sizeof the queue is at most n

Q I
4front rear

Enqueue MQ Dequene Q

rear rear 1 front front I

EYE
size six i

returnCachont D



This implementation might go beyond the array
boundary after several enqueae and dequeue

Workaround

Enquene MQ

gaE f
mdn milk attie moon

size size I

return La temp

Ex Implement the Front Q o

Finding the shortest in a grid

EI
nFf

Eiamsemenced iii
asset

Given two more cells start target
Horizontal vertical moves alloswed

b

Probes find the shortestlengthpath s t using
available

cells

T nm T n l n t TCnn D

T 1,1 L
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Shortestpath grid

Glint 1 if Li j is not an obstacle

O otherwise

A cell is at a distance i from 5 if I a neighbour

that is at a distance i l and there is noneighbor

at distance L it

Enumerate next layer G Lit

for each cello in Li c
d
ou for each neighbor b of c that is empty

Add b to Li04

Return Li's

Dist in Grid Gss Time complexity re

T 43
oft cfor Cia to m2

1 Enumerate next layer GT OLD

Lo Li Li l Li Litt
use a queue to simplify I
algorithm

TearTTE



Shortest Dist in Grid Gis

for Leach cell c in G that is not an obs dist c a

old dirt67 O H Enqueue enumerate on degueue

Engueuels E i

while IsEmpty a is false
OUT n Dequeue Q s

for each neighbor y of ns.t y is

0 diffyTI'adf.fff.de
ua dE

z

Enquenely ay

Every cell is engraved at most once and in

every iteration of the whiteloop one
cell gets dequened

Time complexity 0 n

Proof of correctness
At the end distCc Stores the shortest distance from Sto c

Pli diet correctly stores the shortest
distance to every

cell that is at a distance oufrom S

complete
the

plot True proof
Assumes Pli D is true 4 prove PLD f
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MajorityProdan
Given a multisetcontaining n elements output an element

that occurs n1z times if it exists

Idlai Given an element checking
whether it is majority

element or not can be done in 0cm time

Algol cheekfor every element
whether or not it'smajority

0 n

Mgo sort
pickmiddle

element and check whether or not it's
the

majority element O nigh

Anassumption in the previous algorithm is that we can compare

two elements as L

If we are only allowed G t then algo2 doesnot work

distinct
s Y

majoritydtC C C C C

observations If we remove 2 distinct elements fromS

then the majority
is preserved in the new set

s I
S lala
s

observation2 tf s consists ofMz pairs of similar element in
each pair then choosing one element per pair and



creating a set 5 will ensure that

S has a majority s has a majority andshed

is Same

Algo Assumes size s In
input s

1 pair the elements of s
OH an

2 Tt a pair has distinct
elements then remove it

3 Create a new set by choosing one
element per

pair having the same
element and repeat step I

4 Finally check if the last
element is majority ornot

CnTong t Cha t I E 2 0 n

uses 0cm extra space

Aine 0cm time
OLD extra space
OLD pass over the input

Majority s

court o

for i e o to n i

loop

invariant

is
something

about

x
that

does
not
change

if count D
n Ali
count 1 1

Ilse
if n Alis
count 1 1s



else count i

check if se is mey or not

Hw
Prove
the

correctness

ofthe

algorithm

t
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Divide and Conguer

Has 3 parts D Given a problemdivide it to two
or more

subproblems

2 Assume solutions to the subproblems Alsoneedto

take care of the base case

3 combine solutionsof subproblems to get
solutions

of original problem usually the toughest step

Merging two sortedarrays

A 1 nelli

B TI m elements
bothered

How to combine them into a single sorted array

Merge ACO in B o m C
o ntm

i O 11order forA
j o 4 indexforB

k o K index for a
while kn jcm
if Ali LBlj

CCM AU
ka ite I



else
um Bij
htt's jet

while ion

k Ali itt's kit's

while jcm
M AG jtt Ket's

Mergesort Ali j Tcn 2TCZ on

if icj 212TH cry 1cm
mid 4

22T Zz 12M

yuya MergeSort A lil mid 23T nq 13cm

guys mergesout LA mid1s Di Ign on Ocnkgn

oh
Merge AEi mid A mid11 j c

copy c into A i
am 3
Mergesort A i takes an array A and

sorts it

Mergesort Sorts an array
Time 0 negri

ExtraSpace 0 n merge is not possible without this



Multiplying two nbit integers tue ints assumed

Measureof efficiency no of bit operations

Add 2 n bit numbers Our

n 0 nX a 2

Ibit
ITOw

n

X Y 2 naive algorithm

takes ocn4 bit
operations

n wit n bit

Divide and Conquer

x x

I 1Z Z

X A I B

y c 2h12 D I Y AC I 1LAD11342 BD

Thr no of bit operations tomultiply 2 n hit integers

TLD 4 T Iz t Cn
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Multiplying 2 n.int integers
RENU

X14 Oln bit operations

X a2n 0cm bit ops

X a Y i 0hr2 bit ops

Divide of conquer Approach

X A 2 13 x ATUB
Y CA 2h12 D Y

YAY ACA2n Bc 2h12 BD

TCM Time taken to multiply 2 n bit ints

TIM 4T nk t Cn

4 44h14 ten

42 T Iz t Cn t 2h
42 4T 423 hq 1 on 12in

u

lgn I4k 1 i Cnt 2entGent t 2 an

and



X aY ACT LADt BL 2 1 BD

CA B c D Ac BD AD BC

ADtBC ActBD CAB c D

to AC Tln 3T1h12 tch

2 BD
3 LA B c D o nbd verify

Counting number of inversionin an array

A k 1
icj

iii is an inversion if Ali AG for icj

Python count the no of inversions

Man numberof inversions Nc nln OCn2

A

Mz i

T T
G inns E inns

Invasion1 Ali j
0

if icy
G inversions Ali i

Cg Inversion2 A i ti j



for i to it's
for l HI t tog
if ACM AU

Cz tf

return 4th tag
1 n 2T nk t Cn2

0 u2 cheekt

Inversion 2 Ali g Soni Ali j and returns of
Cz 0 ims

if icj
9 Inv2 Ali 0

Inra A City j
forChai to itf
doBinSearch in ACitizen j
to find an index l St

A i Ace and
Ali E A htt

G Gthe ELI

return City G
Meryl Ali itf ACiti c



else return O's

T n 2 T Ma nz lgn t en

cMgm

0 n lg2n

Merge and count Ai i ji C

mid c e ij z pc i q
mid ti i ke o count o

while C p emid of qcj
if Alp L Acg

Ck Alp Kit ptt
else

cues Aby Kit qtt
count count t mid p's

urn count



Feb12,2020 Wednesday
Reenpf

Solving Recurrences using induction

Given 1 n

Guess an appropriate fCn
Assume 1 n E f en t nem

Show that 1 m E fCm
Show TCD E fCD

Commonfeois

TCM 2T nk t 9h
T l 0

Let fin 0 n an

Assume Tln Ean k n cm

Tlm 2T Mk 1GM

am 1Gm
0cm X incorrect

solving using the Mastertheorem

multiplicativefunctions
A function f in in is said to be multiplicative if

ftp.ffm3 flnm

eg rf m2m21mm

n 5 n
5ml5 nm

5

2h2 2rs 2m2 4LnmP f 2 1mn32



flak fca
k

f Int I
fax

Mastertheorem
consider a recurrence ofthe farm Tcn AT Mb f n TG 1

where a b are constantinkand b I and fCn Is a

multiplicative funition assume n bk forsomek

1 n AT Mb fln

adat Mbb 1 f ng far

act ng t a fly fin

AZCat hq f np af F fan

aft Mbs ta f Wbz a f nlb f n

all 1 Mbk ak f n afCMD fan

ak Eat flybi
1 0

ate ai akieu.IE pi



Consider 3 cases
I hwgIa fCb

1 In ak k fCn alogya alogyse

all k flb
k

all k all
all KH

abgbn Wgbh D

nbba logon ti O nwedba hog n

a Cf lb
Tcn all far Loft I

at flu E flu flu offend

a f lb
1 n all feng b

k
I

a

Teng
l

ah t f
ak
fcbd.fm

D
oCD

0 at g
nw9ba



In summary

1 n AT Mb fln

Tcn o nGba logion
a fed

0 fans
a fad

0 nwg.ba a fed

count c count mid p
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Quicksort A i j
if Leigh
k partition Ari's
Quicksort Ari KDi
Auicksort A kit j

Partition Aip r
N AEr
c p 1

for j p to r 1

if A EDEN
2 EH
enchange ACTwith Acy

exchange Alien with AED
return it



Worst case complexity 0h7

Average time complexity

TangQD In E Ta it it is permutationsof
i m

Where Talat is the timetaken by Qs on array A having

permutation it

ergo 17 FIN
3 4 I 2 3 4 I 2

Time taken is the same as the relativeordering is same

we will assume whoa that A elements from I on

Pi all permutations that start with i

I Pil LnD

Tin Average time taken by quicksoit on an arrayof size
h I 2 n

G nii i Average time takenby Qs on an array i n where

the first element of array as I
or

TIM In Gln i

i L

Glu i T En t t n e t Cn

i Tln Lh T it 1T n i t on



n I
Cn cLn 2 2 TLE

c a

n l

TLn art end 2 Tci
Et

canbe written as partial fractions

wing method of induction
Tln E an logntb

The d i b d

Assume m L n

Tcm I am login t b
n 1

Tcu Cnt 2g 2 Tci
Ee

n I

on In 2 Lai logit
b

ca
n l

on En 1 ai logit 2 ailogi ab

E nzH

Earth Zailogng t E aitogn t 2b

art In aitogn ai t 2b

an IT Lnln align In l at 2b



E alogntb tbt on 914

EO

19 3671


